INVESTIGATION OF THE SUM OF SERIES
FROM THE GENERAL TERM *

Leonhard Euler

§103 Let the general term corresponding to the index x of a certain series be
=y, so that y is a function of x. Further, let Sy be the sum or the summatory
term of the series expressing the aggregate of all terms from the first or
another fixed term up to y. Indeed, in the following we will compute the sum
of the series starting from the first term, whence, if x = 1, y will give the first
term and Sy will exhibit this first term y; but if one puts x = 0, the summatory
term Sy has to go over into zero, because there are no terms to be summed.
Therefore, the summatory term Sy will be a function of x vanishing for x = 0.

§104 If the general term y consists of several parts so that y = p 4+ g +r +etc.,
then one can consider the series as conflated of several other series, whose
general terms are p, g, r etc. Hence, if the sums of these series are known, one
will also be able to assign the sum of the propounded series; for, it will be
the aggregate of all single series. Therefore, if y = p 4 q +r + etc., it will be
Sy = Sp + Sq + 5q + etc. Therefore, because above we exhibited the sums of
series, whose general terms are arbitrary positive powers of x with positive
integer coefficients, hence one will be able to find the summatory term of
any series, whose general term is ax* + bxP + cx7 + etc., while a, B, v etc. are
positive integer numbers, or whose general term is a polynomial function of
X.

*Original title: “Investigatio summae serierum ex termino generali”, first published as part of
the book,, Institutiones calculi differentialis cum eius usu in analysi finitorum ac doctrina serierum,
1755”, reprinted in Opera Omnia: Series 1, Volume 10, pp. 309 - 336, Enestrom-Number E212,
translated by: Alexander Aycock for the , Euler-Kreis Mainz”



§105 In this series whose general term or the term corresponding to the
exponent x is = y let the term preceding this one or the term corresponding
to the index x — 1 be = v; since v results from y, if one writes x — 1 instead of
x, it will be

dy ddy &y dty dy

OTY T G T aa T adxd T oadd T 1205 SC
Therefore, if y was the general term of this series
1 2 3 4... -..x—1 x
a+ b+ c+ d+ - +v+ Yy

and the term corresponding to the index 0 of this series was = A, v, since it is
a function of x, will be the general term of this series

1 2 3 4 Bveennn x
A+ a+ b+ c+ d+ - +0

whence, if Sv denotes the sum of this series, it will be Sv = Sy —y + A.
Therefore, having put x = 0, since Sy = 0 and y = A, also Sv will vanish.

§106 Therefore, since

by means of the results demonstrated before, it will be

ddy S a3y dty

dy
Sv=5y—-S—+=+S§ +524dx4

dx 2dx2  6dx3
and, because of Sv = Sy —y + A, it will be

— etc.

Ay ddy a3y dty
y-A= Sﬁ B Sdez + S6dx3 B S24(713(4
and hence one will have

—+ etc.

3 4
sW _ Ay _gdy | g dy

— etc.
dx 2dx? 6dx3 24d x4 ete




Therefore, if one knows the summatory terms of the series, whose general
ddy &y dly
dx2’ dx37 dx*

the series, whose general term is %. The quantity A has to be of such a nature

terms are etc., from them one will obtain the summatory term of

that for x = 0 the summatory SZ—Z term vanishes, and using this condition, it is
determined more easily than if we would say that it is the term corresponding
to the index 0 in the series whose general term is = y.

§107 This ansatz is usually made to investigate the sums of the powers of

natural numbers. For, let y = x"*1: since

dy . ddy  (n+1Dn_, 4 a3y _(n+Dnn-1) ,,
oD = Y e 123 Y
dty C(n+nn—-1)(n—-2) , 3
24dxt 1-2.3-4 xT ete,

having substituted these values, it will be

(14 1)1 ey (2t Da(n = 1)
1-2 1-2-3

and if one divides by n 4+ 1 on both sides, it will be

Sx" 2 + etc.;

(n+1)Sx" = 2"t — A+

1 xn-i—l_'_ﬁsxn—l_n(n_l)sxn—2+n(n_1)(n_2)

n __ - 7
S = 2 2.3 2.3-4

Sx" 3 —etc. — Const.,

which constant has to be taken in such a way that for x = 0 the summatory
term vanishes. Therefore, using this formula, from the already known sums
of lower powers, whose general terms are x"~1 x"=2 etc., one will be able to
find the sum of the higher powers expressed by the general term x".

§108 If in this expression n denotes a positive integer, the number of terms
will be finite. And hence the sum of infinitely many powers will be found
explicitly; for, if n = 0, it will be

Sx¥ = x.

And having known this one, it will be possible to proceed to the sums of
higher powers; for, having put n = 1, it will be



1 1 1 1
1_ 12 “¢0_ 4t 2 1.
Sx —zx +25x zx —|—2x,

if one further sets n = 2, this equation will result

1 1 1 1 1
Sx? = §x3 + Sx — §Sx0 = §x3 + §x2 + gx,
moreover,
1 3 1 1 1 1
3_ L4202 e 0 14 L3 12
Sx —4x —|—2Sx Sx—|—45x 4x +2x +4x,
1 4 4 1
4 L5, Fo 3 T2 _ tc,0
Sx* = 5x —|—2Sx 2Sx + Sx 55x
or

1 1 1 1
4_t5, L4, 13
Sx* = 5% —i—2x —|—3x 30"
And so forth, the successive sums of all higher powers are derived from the

lower ones; but the same is achieved a lot easier as follows.

§109 Since we found above that

dy 1.ddy 1_.d° 1 dYy 1 _d
Sox TV T35 T80 T 2% T 120 dxs TSt

if we put Z—Z = z, it will be % = g—i, Zixz = % etc. But then, because of
dy = zdx, y will be the quantity whose differential is = zdx which we denote
by y = [ zdx. Although this way to find y from given z depends on integral
calculus, we will nevertheless be able to use this formula f zdx here, if we
substitute only functions of x of such a kind for z that this function whose
differential is = zdx can be exhibited from the preceding ones. Therefore,

having substituted these values, it will be

3
SZ:/ 1 _dz 1dez 1 d’z etc.,

x4 oS~ e%ue Tt

adding such a constant that for x = 0 the sum Sz also vanishes.



§110 But by substituting the letter z for y in the above expression or, which
is the same, by differentiating this equation it will be

dz 1.ddz 1 .d% 1 .d*z
Sa 2+ 3800~ 65 a taaS g ot

but if one writes % instead of y, it will be

Sfﬁé?-—-f§§<+_}isf§i§ __}Lsf{ié +_41,Sf§i§ — et
A2 dx 2°de 6 dxt 24 dn ©¢

g . . . 3
But if in like manner one successively substitutes the values %, % etc. for y,

one will find

Pr il 1 1 1
dx3  dx2  27dx* 6 dx5 247 dx6 ’

G dz 1P 1 1 d
dx*  dx3  27dx5 6 dx6 ' 247 dx7 ’

and so forth to infinity.

§111 If now these values are successively substituted for Sgi, ngj, [y

in the expression

1 .dz 1_.ddz 1 .d%
SZ—/de+ SE—ESW‘FES@—GJCC,

one will find an expression for Sz consisting of these terms [ zdx, z

P etc.

dz ddz
7 dx’ dx2’

d 2= etc., whose coefficients are investigated more easily the following way. Put

Bdz N vddz N 5d%z N edz
dx — dx?>  dx3  dx*
and for these terms substitute their values they obtain from the preceding
series, from which

+ etc.

Sz:/zdx+ocz+



1 . dz 1 _ddz 1 _d%z 1 _d*z

[ zdx = Sz — ES% + 85@ — ﬁsdx:,; + EOS@ — etc.
az= + sgfc—gs?j;Jrgsj;i—;sﬁJretc.
%Zz +ﬁsdd§—/23sg33+ /635544+etc.

Z‘i”izz + 'yS;ZZ— Zsf + etc.
Zd;z: + 9 SZ:—Fetc.

etc.

Since, having added all these values, they have to produce Sz, the coefficients
a, B, v, 6 etc. will be defined from the following equations

1 a1 g« 1
T R A R TR
_y B 1 _d B« 1
et Y a7 Y
5 v B 1
(= 5+ e 24 120 720 T 5040 =0 ©©

and continuing this way, one will find terms each second of which vanishes.
Therefore, the third, fifth, seventh letter and in general all odd ones will be
= 0 except for the first, which seems to violate the law of continuity. Therefore,
it is even more necessary to prove rigorously that all odd terms except for the
first necessarily vanish.

§113 Since each letter is determined according to a constant law from the
preceding ones, they will constitute a recurring series. To make this explicit,
assume this series

14 au + Bu? + yu + ou* + eu® + Cub + etc.,



whose value we want to put = V, and it is obvious that this recurring series
results from the expansion of this fraction

1
_1 1,2 1,3, 1 .4
1 U+ zu s + sk etc.

And if this fraction can be resolved into a power series in u in another way, it
is necessary that always the same series

V =14 au+ Bu?® + yu + du* + eu® + etc.

results; and this way another law, by which the same values &, 8, 7y, J etc. are
determined, will be found.

§114 Since, if e denotes the number, whose hyperbolic logarithm is equal to
1, it will be
1 1 1 1
—u_q_ P R B S S . '
e u+2u 6u +24u 120u + etc,,
it will also be

1—e# 1 1
—q1_1 S B A et
” 2u+6u 24u +120u etc
and hence
u
V_l—e—”

Now cancel the second term au = %u from the series that

1
V- Su= 1+ Bu® + yu® 4 ou* + eu® + ub + etc,;
it will be

1 Ju(l+e™)
Viogu="q—m

Multiply the numerator and denominator by e2* and it will be

1 u (e%“%—e*%“)
V_—Zu=
Zu




and, having converted the quantities ez and e~ 2" into series, it will be

6
v_oL _ 1+24+2468+24681012+etc

2 (Q‘f’m‘f’m—f—et&)

or

V—lu 1+24+2468+24 12“‘24 164“3’[C
8
2 1+46+46810+46u 1+ 1% 18+etC

§115 Therefore, because in this fraction the odd powers are completely
missing, its power series will contain no odd powers at all; therefore, because
V — u becomes equal to this series

14 Bu? + qu® + ou* + eu® + Tub + etc.,

the coefficients of the odd powers, 7, ¢, 17, 1 etc. will all vanish. And this
is the reason why in the series 1+ au + pu? + yu® + su* + etc. each second
terms except for the first are = 0 and the law of continuity is nevertheless not
violated. Therefore, it will be

1
V:1+§u+5u2+5u4+§u6+9u8+%x10+etc.

and, having determined the letters B, J, , 0, s etc. by expansion of the fraction
above, we will obtain the summatory term Sz of the series whose general term
corresponding to the index x is = z expressed this way

Bdz {d°z 7z
i +2 dx3 o+ x5 +2

Sz:/zdx—|— —z+ + etc.

§116 Since the series 1 + Bu? + 6u* + Cu® + 6u® + etc. results from the expan-
sion of this fraction

Mz M4 M6
1+73+ 7468 + 72651012 T etc

l8
1+46+46810+468101214+etc

the letters B, J, {, 0 etc. will obey the following law



p= 2.4 T 4.6

_ 1 B 1

"= "21468 46 4-6-8-10

5 1 5B 1

T 2.4.6---12 46 4.6-8-10 4-6---11

) 1 ¢ 5 B 1

T 2.4.6--16 46 46810 4:6---14 4-6---18
etc.

But these values are positive and negative alternately.

§117 Therefore, if each second of these letters is assumed to be negative so
that
B 1 Bdz 6d%z d°z 0d’z
Sz = /zdx%—iz—ﬁ%— 3 4o + 17 — etc.,
the letters B, J, {, 6 can be defined from this fraction

4 6

u? u u
1-93+ 7468 — 72651012 — et
_ ut ub _ !
1 - 4%+ 76810 — Tesiom21a — et

by expanding it into the series

1+ Bu® + ou* + Qu® + 0u® + etc.;

therefore, it will be

F=16 21
B 1 1
=16 16810 24638
) B 1 1
=16 16810 216 14 24 12
+ etc.;

but now all terms will become negative.



§118 Therefore, let us put § = —A, § = —B, { = —C etc. such that

Adz Bd3z N Cd®z B Dd’z
dx dx3 dx> dx7?
and to define the letters A, B, C, D etc., consider this series

1
Sz = /zdx + EZ + + etc.,

1— Au? — Bu* — Cu® — Du® — Eu'® — etc,,

which results from the expansion of this fraction

2 4 6 8
u u u u
1— 531+ 7468 — 7213 + 7216 — et

_u? wt  ub ud
1 - 4%+ 16810 — 7610 T 1615 — et

7

or consider this series
1 3 5 7 9
;—Au—Bu — Cu’> — Du’ — Eu” —etc. = s,
which results from the expansion of this fraction

Mz M4 M6
1-57+ 5168 — 7213 Tetc

5= u ud u’ ’
U— 35116810  To.13 T etC
But since
CcoSs 1u =1- u? + ut — ut + etc
20 2-4 2-4.-6-8 2-4---12 v
sin—u—z— L + w - W + etc
27 2 246 2-4-6-8-10 2-4---14 v
it follows that
1
cos U 1 1
s = = —cot =-u.

N ZSin%u 2 2

Therefore, if the cotangent of the arc u is converted into a series whose terms

are ascending powers of u, from it one will find the values of the letters A, B,
C, D, E etc.

10



§119 Therefore, since s = %Cot%u, it will be %u = arccot2s and, by dif-

ferentiating this equation, it will be 1du = 1;25555 or 4ds + du + 4ssdu = 0
or

4d

= 14455 =0.

du
But since

1
s:a—Au—Bu?’—CuS—etc.,

it will be

%:—i—ALA—3-4Bu2—5-4Cu4—7-4Du6—etc.
du uu

4 2 4 6
4ss = E_8A_ 8Buc — 8Cu* — 8Du® — etc.

+ 4A%%2 + 8ABu* + 8ACu® + etc.

+ 4BBu® + etc.

Having set these homogeneous terms equal to zero, it will be

1 A2 2AB 2AC + BB 2AD +2BD
A‘E’ B_?’ C‘?’ D‘#’ E_T’
2AE +2BD + CC 2AF 4+ 2BE +2CD 2AG +2BF +2CE + DD
F = ’ G = , H - 7
13 15 17
etc.

From these formulas it now obviously follows that each value is positive.

11



§120 But since the denominators of these values become immensely large
and impede the calculation quite a lot, instead of the letters A, B, C, D etc. let
us introduce these new letters

1-2-37 1-2-3-4-5' 1-2-3-..7

D=

A=Y g P o1
0
1-2.3...9’ E_1.2.3...11 ete.

And one will find

1 2, 2 4 8-7 ,
&=, B 3 3043, 0 3m+4.5 ,

5 10-9-8 12 12-11-10 12-11-10-9-8

8_2'§‘)‘5+2'1.2...557’ €_2'1.2.30‘8+21.2...5135+ 1.2...7 TV
14 14-13-12 14-13-12-11-10

'1.2.3“g+2' 1.2...55€+2‘ 1.2...7

etc.

n=2

§121 But we will apply these formulas more conveniently

1 4 6 8 876 BB
- - i —2.aB, == .ee
=5 P=37, 1=30f 3 T35
10 10-9-8 12 12-11-10 12-11-10-9-8 77
€=3 Wt a s b b= Faet o t 34567 2
14 14-13-12 14-13-12-11-10
N=3 8+—7335 PFr—31567 1
p_ 16, 161514 oo 16:15.012  16:15--10 4
=3 Mt 35 P 3.4...7 #7349 72

etc.

Using this law, which simplifies the calculation a lot, if the values of the letters
a, B, v, 6 etc. were found, then the summatory term of any arbitrary series
whose general term or the term corresponding to the index x was = z, will be
expressed as follows

adz Bdz N vd°z
1-2-3-dx 1-2-3-4-5dx>  1-2---7dx>

1
Sz:/zdx+§z—|—

12



_ od’z N ed’z B 7dlz
1-2---9dx7 " 1-2---11dx® 1-2---13dx11

But these letters «, 8, v, ¢ etc. were found to have the following values:

+ etc.

1
“ZE or 1-2¢0=1
1
B=—- 1-2.36=1
6
3
0= — 1-2-3---56 =36
10
s:g 1-2-3---6e =600
691
C—m 1-2-3-..70=24-691
qz% 1-2-3---87 = 20160 - 35
8:% 1-2-3---90 = 120963617
:% 1-2-3---100 = 86400 - 43867
= 12??377 1-2-3---112c = 362880 - 1222277
A= 8546513 1-2-3---12A = 79833600 - 854513
= % 1-2-3---13u = 11404800 - 1181820455
V= w 1-2-3---14v = 43589145600 - 76977927
2374946102
¢ = % 1-2-3-.-15¢ = 43589145600 - 23749461029
T = % 1-2-3---167r = 45287424000 - 8615841276005

§122 These numbers have the greatest use throughout the whole doctrine of
series. For, first using these numbers one can form the last terms in the sums
of the even powers, on which we remarked above [§ 63 of the first part] that

13



they cannot be found in the same way as the remaining terms from the sums
of the preceding power. For, in the even powers the last terms containing x of
the sums are multiplied by certain numbers which numbers for the powers
II, IV, VI, VII etc. are %, %, é, 31—0 etc. affected with alternating signs. But
these numbers result, if the values of the letters «, 8, v, § etc. found above are
respectively divided by the odd numbers 3, 5, 7, 9 etc. whence these numbers,

which are usually called Bernoulli numbers after its discoverer Jacob Bernoulli,
will be

x 1 a0 L 43867 5

3 6 19 798 -

B 1 . x 174611 _§_283-617

5 30 21 330 T 330

vy 1 e A 854513 _2_11-131-593

7 42 7 21 138 -7 2.3.23

A o 236364091

9 — 30 =9 25 2730 =M

e _ 5 _ e v 8553103 ot — 13 - 657931
66 27 6 6

7 691 5 & 23749461029 5

13 2730 Y 27 870 -

n 7 & 7T 8615841276005 P

5 6 31 14322 N

6 3617 _ ot

17 510 ’

§123 Therefore, one will be able to find these Bernoulli numbers %A, 9B, € etc.
immediately from the following equations

14



6

ae 42

¢:?§-%%

R MR e R e

etc,,

the structure of which equations is clear per se, if one only notes, that where

the square of a certain letter occurs, its coefficient is half as small as it seems

to have to be according to the rule. But, the terms containing the products of

different letters are to be considered to occur twice; for example it will be

12-11 12-11-10-9 12-11-10-9-8-7

1-2 AE+ 1.-2-3-4 BD + 1-2-3-4-5-6 ce
12-11-10---5 12-11-10---3
1.2-3---8 + 1-2-3---10

13% =

e

§124 Further, the same numbers «, B, 7, J etc. enter the expressions of the
sums of the series of fractions contained in this general form

1 1 1 1
37+47+57+67+etc.,

if n is a positive even number. For, we gave these sums expressed in terms
of the half of the circumference of the circle 1 whose radius is = 1 in the
Introductio and these numbers «, 8, v, J etc. are detected to enter the coefficients
of these powers. But to understand that this does not happen accidentally but
has to happen, let us investigate the same sums in a special way so that the

1
L o+

15



structure of those sums will become clear more easily. Since we found above

(§ 43) that

rom 11 1 1o, 1 1
n o n T m T n—m n+m 2mn—m 2n+m 3n-—

+ etc.,
m

combining each two terms, we will have

T ot m S 1 2m 2m 2m 2m ot

n n m nn—m2 4n2—m2 92 —m2 16n2 — m? v
whence we conclude

! ! + ! + ! + etc. = 1 T cot m 7T
n?—m2  4n2 —m?  9m?2—m?  16n? — m? " 2mm 2mn n
Now, let us set n = 1 and for m let us put u that

! + ! + ! + ! + etc. = 1 cot tu
1—u?2  4—u?2 9—u? 16 —u? " 2u 2

Resolve each of these fractions into series:

1

T =1 +u? +ut +u® +ud +ete
1 _1 uz out b u8
11w ut b

m_?—i_?—’—ﬁ—}_?—’_ﬁ—'—em'
1 1 w2 w8

6w gratEtmtes

etc.

§125 Therefore, if one puts

16



1 1 1 B 1 1 1 _
1+2—2+?+4—2+etc.—a 1+% +¥ +E+etc-—b
1 1 1 B 11 1 _
1+?+3—4+4—4+etc.—c 1+2T0+3TO+4TO+6’EC-—0
1 1 1 B 1 1 1 _
1+?+¥+4T6+etc.—c 1+2ﬂ+ﬁ+4ﬂ+etc'_f
etc.

the above series will be transformed into this one

1
a+bu? + cut +oul + eud + ful® +etec. = — — i cot tu.
2uu 2u

Therefore, because in § 118 the letters A, B, C, D etc. were found to be of such
a nature that, having put

1
s:;—Au—Bu3—CuS—Du7—Eu9—etc.,

s = 1 cot u, having written 7ru instead of Ju or 27tu instead of u, it will be

1 1
—cotrmu = — —2Amu — 2°Brlu® — 2°Cn°u® — 27D’ — etc.,
2 27Tu

whence, by multiplying by 7, it will be

T 1
— cotmmu = —— — 2Am? — 22Brtu? — 2°Cnbut — 2D rul — etc,,
2u 2uu

and hence it follows that

1 T
— — — cotmmu = 2A? + 22Brttu? + 2°Cr®ut + 27 DrBul + etc.
2uu 2u

Since we just found that

1 T 2 4 6
— — —cotrtu = a4+ bu~+ cu” +ou’ +etc,,
2uu 2u

it is necessary that

17



29l )

a=2 An? :WT(Z :Tn

o= ant =t -
(=P ant = Lt =
0 =27 An® = 1.2%;5...9 = 1-22-55--8 e
=Bl = A o RS
f=20Fr = 1-2-2131-?-13 = 1-2?131-3--12 i

§126 Therefore, by this simple reasoning not only all series of reciprocal
powers we exhibited in the preceding paragraph are conveniently summed,
but at the same time it is also understood how these sums are formed from
the known values of the letters a, 8, 7, J, € etc. or even from the Bernoulli
numbers 2, B, €, D etc. Therefore, since we defined fifteen of these numbers
in § 122, from these one will be able to assign the sums of all even [reciprocal]
powers up to the sum of this series:

1 1 1 1 '
1+ﬁ+@+@+5ﬁ+etc,
for, the sum of this series will be
2% T

T1.2.3..31° T 1-2---30
And if one wants to determine more of these letters, this is very easily done
by continuing these numbers «, 8, 7y etc. or these 2, B, € etc.

§127 Therefore, the origin of these numbers «, 3, y, J etc. or those formed
from them 2, B, €, © etc. is basically the expansion of the cotangent of a
certain angle into an infinite series. For, if

18



1 1 1
—cot-u=-—Au—Bu®—Cu® —Du’ —Eu° — etc.,
2 2 u

it will be

Au?> + Bu* + Cub + Dub +etc. =1 — gcot%u;

therefore, if the respective values of the letters are substituted for coefficients
A, B, C, D etc., it will be found

i’ + ﬁu4 + 7u7 + o’ —i—etc—l—gcotlu
1-2-3 1-2---5 1.-2--.7 1-2---9 T 2 2

and by using the Bernoulli numbers it will be

R N A | SO S .
1-2 1-2.3-4 1-2---6 1-2---8 ' 2727

from which series by differentiation innumerable others can be deduced and

infinite series these numbers enter can be summed.

§128 Let us take the first equation which we want to multiply by u so that

i + p + yid + ou” +etc—u—gcot1u
1.2.3 1.2.--5 1-2---7 1-2---9 o 2 27

which differentiated and divided by du gives

1xu2+ p + e + ou’ +etc—1—ucot1u+L'
1-2 1.2-3-4 1-2---6 1-2---8 o 20 4(siniu)?’

and if it is differentiated again, it will be

au pu’ N yud ¢ ete — —cotlus H _ uucos ju
1 1-2:3 1-2-3-4-5 o 27 " (sinlu)?  4(sin lu)?’

But if the other equation is differentiated, it will be

Ru B @ D e m leorapt
1 1-2-3 1-2---5 1-2---7 2720 A(sinu)?

19



From these, if one puts u = 7, because of cot %7‘( = 0 and sin %7‘( =1, these
summations follow

L - N . .
~1-2-3 1-2-3-4-5 1-2-3---7 1-2-3.-.9 ’
1+n2_ wrt? N prct N 7t N om® +ete
4 1.2 1-2-3-4 1-2-3.--6 1-2-3.--8 '
r o= 2 + pr + o + ud + etc
o 1 1-2-3 1-2-3-4-5 1-2-3...7 '
or
prc? yrt S®
1 = tc.;
“© 1323 T12325 1237 ¢
if the first is subtracted from this one, it will remain
(=Bt Byt | (a—7)n°
“="1723 "1.23.45 1 1.23...7 " %
But then it will be
. _ert2+ B N e N D8
~1.2"1.23.4"1.2.3..6 "1.2.3...8
T Ax N B3 N e N D7/
4 1 1-2-3 1-2-3-4-5 1-2-3.-.7
or
LA, B2 o | on
4 1 1-2-3 1-2-3-4.5 1-2-3-..7 ’

§129 From the table of values of the numbers «, B, v, J etc. we exhibited
above (§ 121) it is plain that they decrease at first, but then increase and do so
to infinity. Therefore, it will be worth one’s while to investigate, how these
numbers grow, after they had already been continued very far. Therefore, let
@ be any number of this series of the numbers «, B, 7, § etc. removed very
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far from the beginning and let ¢ be the following number. Since the sum
of the reciprocal powers are defined by means of these numbers, let 2n be
the exponent of the power, whose sum the number ¢ enters; 21 4- 2 will be
the exponent corresponding to number 1 and the number n will already be
immensely large. Hence, from § 125 one will have

TR N U S i -
an 3o 42n 1-2:3---(2n+1)
1 1 1 22n+1(P 2142
1+ 22n+2 + 32n+2 + 42n+2 +ete. = 1-2.3... (2n+3)

Therefore, if these numbers are divided by each other, it will be

1+ 5z + 3202 +ete. 4apr?

1+ 5 + g0 +ete.  (2n+2)(2n+3)¢

but since 7 is an immensely large number and since both series are very close
to 1, it will be

Yy (2n+2)2n+3) nn

¢ 472 v
Therefore, because n denotes, how far away the number ¢ was from the first
number «, that number ¢ will have almost the same ratio to the following
Y as 712 has to to n? which ratio will be exact, if n was an infinite number.
Since it is almost 7t/ = 10, if one puts n = 100, the hundredth term will be
thousand times smaller than its following term. Therefore, the numbers «, B,
7, ¢ etc. as the Bernoulli numbers 2, B8, €, © etc. constitute a highly divergent
series which grows even faster than a geometric series whose terms increase.

§130 Therefore, having found the values of the numbers «, B, 7, J etc. or 2,
B, €, D etc., if a series is propounded whose general term z was an arbitrary
function of the index x, the summatory term Sz of this series will be expressed
as follows

S _/ d _|_1 _|_1 ﬁ_l L
2 AT R T T2 T30 1-2-3-4dx?
1 d° 1 d7z

TR 123 6d 30 1.2.3- 847
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5 d’z 691 dllz

66 1.2.3-10dx° 2730 1-2-3-- 1211
+Z ‘ di3z _ 3617 ‘ a5z
6 1-2-3---14dx3 510 1-2-3---16dx16
854513 42z 236364091 4%z
138 1-2-3---22dx21 2730  1-2-3---24dx®
8553103 d%z | 23749461029 d¥z
6 1-2-3---26dx2 870 1-2-3---28dx%7
8615841276005 4%z
14322 1.2.3---30dx® ¢

Therefore, if the integral [ zdx or the quantity whose differential is = zdx is
known, the summatory term will be found by means of iterated differentiation.
But it is to be noted that always a constant of such a kind is to be added to
this expression that the sum becomes = 0, if the index x is put = 0.

§131 Therefore, if z was a polynomial function of x, since its higher order
differentials vanish eventually, the summatory terms will be expressed by a
finite expression; we will illustrate this in the following examples.

EXAMPLE 1

Let the summatory term of this series be in question

1 2 3 4 5 X
14+9+25+49+81 + --- + (2x—1)%

Since here it is z = (2x — 1)? = 4xx — 4x + 1, it will be

4
/zdx = §x3 —2x% + x;

for, from the differentiation of this series the equation 4xxdx — 4xdx 4 dx =
zdx results. Furthermore, by differentiation it will be

dz ddz d®z
%—Sx—él, @—8, @—0 etc.

Hence the summatory term in question will be
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4 1 2

§x3 —2x% + x4 2xx — 2x + > + gx + Const.,
which constant has to cancel the terms % — % ; therefore, it will be
4 5 1 x
35 73573
So, for x = 4 the sum of the first four terms will be

S(2x —1)2 = (2x —1)(2x +1).

4
1+9+25+49:§-7-9:84.

EXAMPLE 2

Let the summatory term of this series be in question

1 2 3 4 X
1427 +125+4343 + --- + (2x —1)°.
Since z = (2x — 1)% = 8x% — 12x? + 6x — 1, it will be

dz ) ddz dz
— =24x-—24 —— =48x —24, —
dx X X +6 dx? 8x " dx3

the following differential quotients all vanish. Therefore, it will be

=48;

S(2x —1)% = 2x* —4x3 +3x° — 1x

1
+4x3 — 6x% +3x — 5

1
+2x% —2x + >

1
15 + Const.,

ie.

S(2x —1)% = 2x* — x* = x*(2xx — 1).
So, having put x = 4, it will be

1427 + 125+ 343 = 16 - 31 = 496.
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§132 From this general expression found for the summatory term immedia-
tely that summatory term we gave in the above part [§ 29 and 61] for the
powers of the natural numbers and whose demonstration could not be given
at that point follows. For, if we put z = x", it will be f zdx = n%rlx”“ ; the
differentials on the other hand will be

dz a1 ddz . Bz .
5o =X L ﬁ:n(n—l)x 2 @Zn(n—l)(n—@x 3
> 7

From these therefore the following summatory term corresponding to the
general term x” will be deduced
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1 1 1 n,_ 1 nn—1)(n-2) ,_
n __ n+1 w1 - 0.n=1_ * n—3
S =T T et 30 2.3-4
1 )24
42 2-3-4-5-6
1 o= (n—6) , 5
30 2.-3...8
+in(n_1) ............. (n_8> n—9
66 2-3.---10
B 691 n(n_l) ............ (n_lo) T
2730 2:-3..-12
7 n(m—1) e (n—12) , 13
te 2.3.--14 X
3617 M —1) oo (n—14) , 13
510 2-3...16
+43867 . n(n — 1) ............ (n _ 16) n_17
798 2-3..-18
174611 (1) (n—18) 1o
330 2-3---20
854513 n(n—1)- oo (n—20) , »
138 2.-3---22
| 236364091 n(n—1)- e (n—22) .,
2730 2.-3...24
8553108 n(n—1)-----oo---- (n—24) , 5
6 2:3---26
| 23749461029 n(n— 1) -ocoee (1—26) , o
870 2-3---28
8615841276005 1(1—1) -+ ---v-- - (n—28) .,
14322 2-3---30
etc.;
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this expression does not differ from the one we gave above except for the fact
that here we introduced the Bernoulli numbers 2, 8, ¢ etc., whereas above we
used the numbers «, B, v, J etc.; nevertheless, the agreement is immediately
clear. Therefore, it is possible to exhibit the summatory term of all series up
to the sums of the thirtieth powers; this investigation, if it would been done in
another way, would have required very long and most tedious calculations.

§133 Above (§ 59) we already gave an almost identical expression to define
the summatory term from the general term. But that expressions used the
iterated differences of the general term; therefore, it differs from the expression
we gave here mainly in that regard that it does not require the integral | zdx,
but each difference of the general term is multiplied by certain functions of x.
Therefore, let us find the same expression again in the following way more
accommodated to the nature of series, from which at the same time the rule
how the coefficients of the differentials proceed will be seen. Therefore, let the
general term of the series be z, a function of the index x; the summatory term
in question the other hand shall be = s; since this term, as we saw above, will
be a function of x vanishing for x = 0, applying the results we demonstrated
above [§ 68] on the nature of functions of this kind it will be

xds  x2dds x3d3s x*d4s

_ e _ —etc. = 0.
ldx T 12dx2 12330 " 1.2.3.4da ¢ =0

§134 Since s denotes the sum of all terms of the series from the first to the
last z, it is perspicuous, if in s one writes x — 1 instead of x, that the first sum
does not contain the last term z; it will be

i+dds B d3s N d*s B
dx = 2dx?2  6dx3  24dx*

S—zZ=85— etc.

and hence

ds  dds d3s dts
dx 242 T ed  24dxt
which equation provides a way to define the general term from the given sum-
matory term what is per se very easy. But from an appropriate combination
of this equation with that we found in the preceding paragraph, one will be
able to define the value of s in terms of x and z. For this aim, let us put

z =

+ etc,,
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Bdz Cddz Ddz® Ed*z
dx  dx2 + 3 dx?
where A, B, C, D etc. denote the necessary coefficients, either constant or
variable; for, since

s— Az + +etc. =0,

, @_ dds n d3s B d*s n d5s ot
dx 2dx? 0 6dx3 24dx* T 120dx5 v
dz ddz d°z

if the values for z, 7%, T 5o etc. are substituted in the above equation, it will
result

+ s=s
_Ads | gaus Ad’s  Adts Ad’s
Az = dx * 2w 6dx3 + 24dx*  120dx5 +ete.
dez B . Bdds B Bd3s n Bd*s B Bd®s + ete
dx dx? 2dx3 6dxt 24d x> '
B Cddz _ Cd®s i Cd*s _ Cd®s + ete
dx2 dx3 2dx4 6dx> ’
N Dd’z N Dd*s B Dd°s et
ax3 dx* 2dx5 et
B Edz B Ed°s et
dx* dxb ete
etc.
which series all added up therefore will be equal zero.
§135 Therefore, since we found before that
0—s_ xds N x2dds B x3d3s N xtd4s B x°d°s + ete
- dx = 2dx2  6dx® ' 24dx*  120dx5 v

if the above equation is put equal to this one, the following defining equations
of the letters A, B, C, D etc. will result
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72 6 2 FT10 2 6 120
Therefore, having found the values of the letters A, B, C, D etc., from the

general term z the summatory term s = Sz will be determined in such a way
that

Bdz Cddz _ Dd3z n Ed*z _ Fd°z
dx dx2 dx3 dx4 dx5

Sz = Az — + etc.

§136 But since

1 1 1 1 1
A= B=_-x*—= =3 - Zx?
X, 2x 2x, C 6x 4x + 12x,
1 1 1
D=_—x*——x®+ —xx etc,

24 12 24
it is clear that these coefficients are the same as those we had above (§ 59);
hence that expression of the summatory term is the same as the one we found
there and therefore it will be

1 1 1 1
_ g0 — gyl _ 2 = ZGx2 _ 242
A = Sx" = S1, B—lsx 1x, C 2Sx X<,
1.3 14 1oa 1 4
—6Sx e X E—24Sx 24x etc
Therefore, it will be
Sz =xz — £Sx + ddz Sx? — 4z Sx3 + 4z Sx* — etc
- dx 2dx2 6dx3 24dx4 ’
xdz x%ddz  x3d%z  x*dz
+ etc.

dx 242 | 6dd | 2add
But if x = 0 in the general term z, the term corresponding to the index = 0
will result; if it is put = 4, it will be

xdz x%ddz  x3d°z
——— + etc.

”:Z_E+ 2dx2  6dx3

and hence
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xdz  x*ddz N Pdz  xtdz
dx  2dx?  6dx3  24dx*
having substituted which value one will have

+etc. =z —a,

dz ddz . , d°z d*z
SZ_(XH)Z_”_?S Yt 202 T gad T oaaa

Therefore, having found the sums of the powers from a certain given general
term, one can exhibit the summatory term corresponding to it.

Sx* — etc.

§137 Therefore, since we found two expressions of the summatory term Sz
for the general term z and one of the formulas contains the integral [ zdx, if
these two expressions are equated, one will obtain the value of [ zdx expressed
by means of a series. For, since

/zdx = +lz + Adz - B’z + bz —etc
2 1-2dx 1-2-3-4dx3  1-2---6dx> ’
B dz ddz 2 a3z

_(x—i-l)z—a—me—i—l'zdsz 17, 35x + etc.,

it will be

B 1 dz 1 ddz ., d°z ; 1
/zdx—<x+2>z—a—dx<5x+221> S 6d3<s —4%)

4 5 6 7
L 4z g 42 (S +ée:>+ 4z g6 4z <Sx7—1®>+etc.,

24dx* 120d x> 720dx° 5040dx7 8
where 2, B, €, © etc. denote the Bernoulli numbers exhibited above (§ 122).
For the sake of an example, let z = xx; it willbe a = 0, d—z = 2x and Z‘Zdé =1

it will hence be

/xxdx— x+1 xx — 2x 1xx+1x+1 +1 1x3+1x2+1x
o 2 2 2 12 3 2 6

or f xxdx = %x3 ; but %xg’, having differentiated it, gives xxdx, of course.
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§138 Therefore, there is a new way to find the summatory terms of the series
of powers; for, since from the coefficients A, B, C, D etc. assumed before these
summatory terms are formed very easily, but each of these coefficients is
conflated of the preceding ones, if the values given in § 136 are substituted for
these letters in the formulas given in § 135, it will be

1 1
Sxl —x zixx—ix
1 1 2
Sx?—x?=-x* - - —Z(Sx—x)
3 3 2
1 1 3 3.2
3 .3 4 2 2
B P _ 2 Gy —
Sx° —x 4x 4x 2(5x x%) 7 3( X —X)
1 1 4 4.3 4.3.2
Sx4—x4:gx5—gx—E(ng’—x‘g)——2'3(Sx2—x2)—2'3‘4(Sx—x)

etc.

Therefore, one will be able to form the sums of the above powers from the
sums of the lower ones.

§139 But if we consider the law, which the coefficients A, B, C, D etc. above
(§ 135) were found to follow, with more attention, we will detect that they
constitute a recurring series. For, if we expand this fraction

x—|—%xxu—i—%x3u2+;—4x4u3+ﬁx5u4+eto

gl 1,20 1.3 14
14+5u  +zu” +5u’ +pu°  +etc
into a power series in u and assume this series to result

A+ Bu+ Cu®+ Du® + Eu* + etc.,

it will be, as we found before,

1 1
= =-xx—=-A etc
A=x, B 2xx > etc

and so having found this series one will obtain the summatory terms of the
series of powers. But that fraction, from whose expansion this series results,
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X
n

will go over into this form %=

into

which, if x was a positive integer, goes over

1+ et + o2U + Pl 4o e(x—l)u,_

therefore, since

1=1
L

- 1 1-2 1-2-3 1-2-3-4
e =1+ 2u + u? + s + Ll + etc

a 1 1-2 1-2-3 1-2-3-4
Fr=14 M4 o + 270 + Bl + etc

- 1 1-2 1-2-3 1-2-3-4

2.2 3,,3 4.4

(1) _ (x—Du  (x—1)%u (x—1)u (x —1)%u
e 1+ 1 + 1o + 12.3 +1.2‘3.4+etc

it will be
A=x

etc.

Therefore, the connection already mentioned before of these coefficients to the
sums of the powers is confirmed and demonstrated completely.
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